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Introduction to formal pedagogy

Basics : the pedagogical constraint

Poincaré criterion
«A definition by postulate has value only if there exists
an example. » [Henri Poincaré — Last Thoughts (1913)]

Good postulate
Let x be a natural number such that x2 — 1 = 0 holds.

> x := 1 suits

Bad postulate

Let y be a natural number verifying y?> +1 = 0.
> no such y

Called “pedagogical” because of usual teaching practice
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Summary of the previous works

The formal pedagogical constraint

Informal Poincaré criterion

«A definition by postulate has value only if there exists
an example. » [Henri Poincaré — Last Thoughts (1913)]

Formal Poincaré criterion (example)

If T is a type and o a term of type T :
»={f:(a—a)—ag: T3} > defines o, 8, f, g
» o =[a—T,8=T,f—= A h"7T.0 g A" .x] example :

FAMTTT o (T—=T)—=T
FaxT.x T =T



Summary of the previous works

The formal pedagogical constraint

Informal Poincaré criterion
«A definition by postulate has value only if there exists
an example. » [Henri Poincaré — Last Thoughts (1913)]

Formal Poincaré criterion
Used environments must be exemplifiable : Tt: A = Fo T

where :
Fo-T  Fo(x):o(A)
(eX1) (eX2)

Fo -0 Fo-(F,x:A)

ie. Fo-(x1:A1,....xn: Ap) i =Vi Fo(x):o(Ai)



Summary of the previous works
Simply typed A-calculus

Morphology a | A— B
Syntax x | AxA.u | uv

x:Ferl
NE=x: F

(var)

Nx:AkFu:B Mu:A—-B TkHv:A

(abs app
Tx?u:A— B ) Muv:B (ape)




Summary of the previous works
Pedagogical simply typed A\-calculus [Colson and Michel (2007)]

Morphology a | A— B
Syntax x | AxA.u | uv

x:Fel to-T

(var)

NEx: F
Nx:AkFu:B Mu:A—-B TkHv:A
. (abs) (apP)
MNH=Ax“u:A—B lNFuv:B

Results

» satisfies the Poincaré criterion



Summary of the previous works
Pedagogical simply typed A\-calculus [Colson and Michel (2007)]

Morphology a | A— B
Syntax x | AxA.u | uv
No starting rule

x:Fel to-T

(var)

NEx: F
Nx:AkFu:B Mu:A—-B TkHv:A
. (abs) (apP)
MNH=Ax“u:A—B lNFuv:B

Results

» satisfies the Poincaré criterion



Summary of the previous works
Pedagogical simply typed A\-calculus [Colson and Michel (2007)]

Morphology a | A— B | T
Syntax x | AxAu|uv|o

Fo-T x:Fel Fo-T
— (ax) (var)
Mo: T M=x:F
Nx:Atu:B MNu:A—-B TkFv:A
. (abs) (apP)
MNAx"u:A—B MNuv:B

Results
> satisfies the Poincaré criterion
» all formulas exemplified by T

» initial and pedagogical systems (syntactically) equivalents



Summary of the previous works
Pedagogical simply typed A\-calculus [Colson and Michel (2007)]

Example of derivation

Fo-(f:A—B,g:B— C,x:A)

(var)

(app*)
f:A—>B,g:B— C,x:Arg (fx): C

(abs*)
FAFATEAGE T Mg (Fx) (A= B) = (B—= €)= (A= C)



Summary of the previous works
Pedagogical simply typed A\-calculus [Colson and Michel (2007)]

Example of derivation

(ex2)
Fo-(f:A—=B,g:B— C,x:A)

oc:=[A,B,C—T; f,g = Ay T.y; x+ o]



Summary of the previous works
Pedagogical simply typed A\-calculus [Colson and Michel (2007)]

Example of derivation

(var)

y:Thky: T
(abs)
Fayly:T—=T
(ex2) (ax)
Fo-(f:A—B,g:B— () Fo:T

(exz)

Fo-(f:A—=B,g:B— C,x:A)

0:=[AB,C—T,; f,g—=dy".y;, x— o]



Summary of the previous works
Pedagogical simply typed A\-calculus [Colson and Michel (2007)]

Example of derivation

(ax)
Fo: T

—— (ex2)
I—a/(y :T)

(var)
y:Thky: T

(abs)
Faxy oy T =T

(ex2)
Fo-(f:A—= B,g:B— ()

(ax)

Fo: T

Fo-(f:A—=B,g:B— C,x:A)

o:
o’

[y = o]

(exz)

[AB,C—T; f,g—= Ay .y; x+ 0]



Summary of the previous works
System F [Girard (1972), Reynolds (1974)]

Morphology a | A— B | Va.A
Syntax x | AxA.u | uv | Aa.u

x:Ferl
var
e
F,X:AIi u:B rfv:AsB 1 v:A
(abs app
Mt »*u: A= B ) rf vwv:B (2pp)
£ u:B agV() M u:va.B
- (Abs) f (App)
N Aoc.u:Va.B M= uV:Bla+ V]



Summary of the previous works
Weakly pedagogical System F [Colson and Michel (2008)]

Morphology a | A— B | Va.A| T
Syntax x | A2 | uv | Ao | o

Mo x:Fel ™o.r
—— (ax) (var)
rMvo:T rvx
r,XZAIiWUZB rMv:A-B v A
(abs) (app)
MaxAu:A— B rvv:B
rM“u:B agV(n) ™ u:vo.B
— (Abs) " (App)
M Aa.u: Va.B MuV:Bla+ V]

Results
> satisfies the Poincaré criterion



Summary of the previous works
Weakly pedagogical System F [Colson and Michel (2008)]

Morphology a | A— B | Va.A| T
Syntax x | A2 | uv | Ao | o

o
—— (ax)

rMvo.T

Ix: Ay B

(abs)

M xAu: A B

r™u:B agy()
(Abs)

MY Ao : Vo B

Results
> satisfies the Poincaré criterion

> no subject reduction property :

r™x:F
Mu:A=B v A
fw (app)
'=uv:B
My vo.B
(App)
My V. Bla« V]
>l :=Voa.«

liw(Aa./\Xa.X)J_:J_—)J_ but g)N)\XL.XZJ_—)J_



Summary of the previous works
Pedagogical System F [Colson and Michel (2009)]

Pre-Morphology oo | A— B | Va.A | T
Syntax x | A2 | uv | Ao | o

L x:Fer Pgo.r
rlipo:T(aX) P x:F (var)
r,XZAIiPUZB rPu.A-B TPV A
b
rlﬁa)\xA.u:A%B(a ° rPuv:B (2pp)
ru:B ag V() ru:va.B *o.v
(Abs) (App)

M Ao.u: Vo.B My Vv Bla«+ V]



Summary of the previous works
Pedagogical System F [Colson and Michel (2009)]

Main results

» every well-formed sub-type can be exemplified :

» Poincaré criterion always satisfied :
rMPu:A = Po.r
» usefulness of functions :
r®f:A— Bwith Aclosed = Ais inhabited
» negationless second-order propositional calculus
» expressive power compared to System F :
> at logical side :
3t rft:F o 3¢ Py FY
where F7 is F with occurrences of variables « replaced by a vV v (v fresh)
» at computational side :
rft:A = 1o A0
where A? is a double-negation version of A (L replaced by &)
and t is a CPS version of t (§ fresh)



Summary of the previous works
Pedagogical System F [Colson and Michel (2009)]

Main results

logic computation
formula datatype
proof program
simplification | computation
direct proof result
proof checking | type checking
exemplifiability utility




First attempts toward a pedagogical CC
Calculus of Constructions [Coquand and Huet (1985)]

Motivations
The Calculus of Constructions :

» uniform presentation of previous systems

» interdependence between morphology and syntax
> reduction of constraints number

> first step towards pedagogical pure type systems (PTS)
> especially Type : Type [Martin-Lof (1971)]



First attempts toward a pedagogical CC
Calculus of Constructions [Coquand and Huet (1985)]

FCA:k x¢dom(l)

— (cen) ey
S X AW
rwf® Mx: AT wfe
———— (cax) (c-var)
I Prop : Type Mx:ATEx:A
Mx:Afu:B:k FEu:VxAB TEV:A
(c-abs) c (c-app)
FEXMAu:VxAB M=uv: Bx <+ v]
M x:AEB: K MCu:A A~ A TEA g
Ee— (c-prod) < ; (c-conv)
MEVx".B: kK MFu:A

k denotes Prop or Type



First attempts toward a pedagogical CC

Naive transposition

Formal Poincaré criterion
N=x1:A1,...,x,: Ay can be exemplified by terms ty,...,t, if

Ft 2 Ap
Fito - A2[X1 — tl]
Ft, An[Xl,. coy Xp—1 tl,...,tn_l]
Abbreviation : o - T with 0 := [x1 > t1,...,Xp > tp]

First idea
Substitutes the well-formedness of an environment by its
exemplifiability >Twf replaced by Fo-T



First attempts toward a pedagogical CC

Naive transposition

Fo-T Fo-(Tx: AT
(n-ax) (n-var)

P o: T :Prop: Type Mx:ATx: A

But
> “exemplifiable” does not imply “well-formed” :
> x1: Type > o = [x1 — Prop]
> x1: Prop,xo : (AHT74.T) (\yT.y) Do =[x Tixa > o]
> etc.

> no subject reduction > L — L inhabited



First attempts toward a pedagogical CC
Calculus of Constructions [Coquand and Huet (1985)]

FCA:k x¢dom(l)

— (cen) ey
S X AW
rwf® Mx: AT wfe
———— (cax) (c-var)
I Prop : Type Mx:ATEx:A
Mx:Afu:B:k FEu:VxAB TEV:A
(c-abs) c (c-app)
FEXMAu:VxAB M=uv: Bx <+ v]
M x:AEB: K MCu:A A~ A TEA g
Ee— (c-prod) < ; (c-conv)
MEVx".B: kK MFu:A

k denotes Prop or Type



First attempts toward a pedagogical CC
Calculus of Constructions [Coquand and Huet (1985)]

(c-envy)

0 wf®

M wf€
(c-ax)

[ Prop : Type

Mx:Afu:B: &

" a (c-abs)
[EXx™.u:Vx".B

Mx:AEB:k

——— (c-prod)
FEVxA.B : k

(c-prod) responsible of vacuity

MC€A:k x¢dom(l)

(c-enva)

rx:AwfS

Mx: AT wfe

(c-var)

Mx:AT'Ex: A

FTEu:VxAB TEv:A

c (c-app)
MNFuv:Blx«+ v]

MEu:A A~A TEA &

(c-conv)

Mu: A

k denotes Prop or Type

14/38



First attempts toward a pedagogical CC

Poincarean Calculus of Constructions — CCr

Strategy change

» keep 'wf judgements

» avoid empty types as soon as possible
Radical idea
Constrain (only) the type formation rule :
Mx:AE B:k
FrEvxA.B: k

(c-prod)



First attempts toward a pedagogical CC

Poincarean Calculus of Constructions — CCr

Strategy change

» keep 'wf judgements

» avoid empty types as soon as possible
Radical idea
Constrain (only) the type formation rule :
M x:AFu:B:k
FEvxA.B: k

(r-prod)



First attempts toward a pedagogical CC

Poincarean Calculus of Constructions — CCr
Theorems
» respectful of the Poincaré criterion
> relies on strong normalization of CC

» subject reduction property holds
> Coq proof adapted from [Barras (1996)]
» usefulness of functions
DEF:VXAB = 3Ju Fu:A
» terms of Godel system T can be interpreted in CC,
> usual way : recursion from iteration (and trick for cartesian products)

But

» does not contain natively simply typed A-calculus
>Fu ABC:Proptu:(A—B)—(B—C)— (A= C)
» does not prove symmetry of Leibniz equality
DAu A:Prop,xyz:Afu:ix=ay > y=az—>Xx=az



First attempts toward a pedagogical CC

Poincarean Calculus of Constructions — CCr

Observation CCr seems too much constrained
Goal increase expressive power

Idea exemplifiable types should be usable
> similar to pedagogical system F

Definition : converse of the Poincaré criterion
CC,, sub-system of CC, meets the converse of the Poincaré

criterion if :

= Twf*

T
Q
4



First attempts toward a pedagogical CC

Poincarean Calculus of Constructions — CCr

Observation CCr seems too much constrained
Goal increase expressive power

Idea exemplifiable types should be usable
> similar to pedagogical system F

Definition : converse of the Poincaré criterion
CC,, sub-system of CC, meets the converse of the Poincaré

criterion if :

Fo-Tand Twf® = Twf"

Beware
Exemplifiable types need not be well-formed



A formal definition and some examples

Pedagogical sub-system of the Calculus of Constructions

Definition : CC, pedagogical sub-system of CC

» CC, sub-system of CC
PIFu:A = TFu:A

» Subject reduction property holds for CC,
PIFu:Aandu~uv = TPJu:A

» CC, meets Poincaré criterion and its converse
>rwf* &  Fo-Tand FwfC



A formal definition and some examples
Calculus of Constructions [Coquand and Huet (1985)]

Dwf (c-envy)
w

M wf®
(c-ax)

I Prop : Type

Mx:AFu:B:k

(c-abs)
MEAAu: vVxA.B
Mx:AEB:k
(c-prod)
FrEvxA.B : s

FCA:k x¢&dom(l)

(c-env2)

rx:AwfS

Mox: AT wfe

(c-var)

Mx:AT'Ex: A

Mu:vx*.B TEv:A

c (c-app)
MFuv:Blx + v]

FTMEu:A A~A TEA &k

(c-conv)

Mcu: A

k denotes Prop or Type



A formal definition and some examples

Second order \-calculus — \?

( envy)

0 wf?

I wf?

———( a)
I Prop : Type

Mx:ABu:B: Prop

N A ( abs)
MEXX"u:Vx*.B

M,x:AEB: Prop

(' prod)
rBvxA.B: Prop

FBA:x x¢dom(I)

( envz)

Mox: Awf?

rx: AT wf?

( var)

Mx:ATBx: A

Fr2u:vxAB TRv:A

5 ( app)
MFuv:Blx+ v]



A formal definition and some examples

With explicit total exemplifications — \2

Goal
Obtain a pedagogical version of \?
> in the sense of the previous definition

First idea
Keep examples explicit : ' v : A and I wf, where

> [ =x1:A1,..., %1 A

> 0 =[x1— t1,...,%Xy —> ty] Orin short o = [t1,. ..

s tn]



A formal definition and some examples

Second order \-calculus — \?

ré Ak x & dom(I)
—— ( env1)
0w’ ) 2
Mx:Awf
rwf2 Mox: AT wf?
( ax) ——  ( var)
re Prop : Type F,X:A,l_'lg x:A
2 2 A 2
Mx:AF u: B : Prop E u:vx".B TF v:A
5 ( abs) > ( app)
e axAu:vxA.B M= uv:B[x <+ v]
F,X:AIg B : Prop
( prod)

e vxA.B: Prop

( env2)



A formal definition and some examples

With explicit total exemplifications — \2

rZeA: x x & dom(I)
> (e-envy) (e-enva)
e
Dwhy F,X:Awf?,e;;a
rwf?;- Mx:AT’ Wi’ffe
(e-ax) —— (e-var)
r%e Prop : Type Mx:AT’ %ex CA
2e 2e A 2e
[x:Alz.. 5 u: B:Prop MNFu:vx".B TIFv:A
(e-abs) (e-app)
FI%EAXA.U:VXA.B I'}%euv:B[x<—v]

F,X:AI%‘E;:a B : Prop

e A . (e-prod)
Iz vx”.B : Prop



A formal definition and some examples

With explicit total exemplifications — \2

Ak 1% :0(A) x &dom(I)

(e-envy)
2e (e-enva)
D wfi Mx: Awffye:; 3
rwff;‘- Mx:AT nge
(e-ax) ——— (e-var)
r%eo:T:Prop:Type F,X:A,r'%ex:A
I_,X:A%e::au:B:Prop F!%eu:VxA.B Fl%ev:A
(e-abs) (e-app)
FI%-EAXA.U:VXA.B I'}%-euv:B[x<—v]

Ix: A%e:: a B : Prop %et o (VxA.B)

e A . (e-prod)
It Vx™.B : Prop



A formal definition and some examples

With explicit total exemplifications — \2

Theorems

» A2 (almost) a pedagogical sub-system of CC
» examples contained as sub-derivations

DIESA:x = 3Ja B°a:c(A) sub-derivation
» exchange of exemplifications :

>TEw: C and rwfff = r%ew: C

But

A2 not exactly sub-system of CC because :
» exemplifications are explicit

» addition of two symbols o and T



A formal definition and some examples

With explicit total exemplifications — \2

Theorems

» A2 (almost) a pedagogical sub-system of CC

» examples contained as sub-derivations
DriZEA:s = da l%ea : 0(A) sub-derivation

» exchange of exemplifications :
>TEw: C and rwfff = r%ew: C

But
A2 not exactly sub-system of CC because :

» exemplifications are explicit

» addition of two symbols o and T

Second idea
Relax constraints on exemplifications by making them implicit



A formal definition and some examples

With explicit total exemplifications — \2

I'IggeA TR %ea c0(A)  x & dom(T)
3 (e-envy) (e-enva)
€
D wfi Mx: Awfg—e;: a
I'wf%,e Mx:AT’ wfg-e
(e-ax) —_  (evan)
rl%eo:T:Prop:Type r,x:A,r'I%.ex:A
F,x:A%e::au:B:Prop FI%eu:VXA,B FI%ev:A
(e-abs) (e-app)
r%-e)\XA.LIZVXA.B I'%euv:B[Xev]

Mx: Al%e:: 3 B : Prop %et :o(VxA.B)

(e-prod)
rl%-e vxA.B : Prop



A formal definition and some examples

With implicit total exemplifications — \2

TRt A: K x & dom(I)
(t-envy)
0 szt ~ (t-envz)
Mx:Awf
I wf2t rx:AT wf2t
(t-ax) _  (twan)
26 : T :Prop : Type Mox AT P x: A
F,x:AF2t u: B :Prop TPt u:vxAB TR v:A
(t-abs) (t-app)
Mt A0 VxA.B Fﬁtuv:B[xkv]

Mx:AP  B:Prop o motr Vx*.B

> (t-prod)
It vxA.B : Prop

where o motr C abbreviates :
(a) o exemplifies T, i.e. Pto.T

(b) and there is term t such that 2t ¢ : o(C)



A formal definition and some examples

With implicit total exemplifications — \2

Theorems
» A2 equivalentto A2 : T t: A < 3Jo TEt:A
» A2 (almost) a pedagogical sub-system of CC

But

A2 not exactly sub-system of CC because :

» addition of two symbols 0 and T



A formal definition and some examples

With implicit total exemplifications — \2

Theorems
» A2 equivalentto A2 : T t: A < 3Jo TEt:A
» A2 (almost) a pedagogical sub-system of CC

But

A2 not exactly sub-system of CC because :

» addition of two symbols 0 and T

Last idea
Have partial exemplifications to restore the CC,’s behaviour :
I1d : True : Prop

>with Id := AMAP™P Ax*.x and True := VAP™P. A 5 A



A formal definition and some examples

With implicit total exemplifications — \2

T2 A« x & dom(IN)

(t-envy)

2t (t-enva)
O wf Mx: Awf?t
I wf2t Mx:AT wf2t
(t-ax) —_ (tar)
FEtO:T:Prop:Type r,x:A,F/Igtx:A
Mx: A2 u:B: Prop rEtu:vxAB TPt v:A
(t-abs) > (t-app)
T Ax? .0 vx.B Mt uv:Bx « v]

M x: AP B:Prop o motVxA.B

3 (t-prod)
It vx2.B : Prop

where o motr C abbreviates :
(a) o exemplifies T, ie. Pt o T

(b) and there is term t such that Pt o(C)



A formal definition and some examples

With implicit partial exemplifications — A,

F2PA: K x &dom(l)

(p-envy)
2 (p-env2)
O wf™P F,X:Awf2p
I wf?p rx:AT wf2p

2 (p-ax) —2 (p-var)
=P Prop : Type Mx:AT'FPx: A
Mx:APPu: B : Prop 2P u:vxAB TEPyV:A

(p-abs) > (p-app)
FEPAxA.u: VxA.B FEPu v Blx « v]

Ix: AP B Prop o motr Vx*.B

2 (p-prod)
P yvxA.B : Prop

where o motr C abbreviates :
(a) o partially exemplifies T, i.e. dom(o) C dom(I")
(b) and there is a term t such that o(I") 2et o(C)



A formal definition and some examples

With implicit partial exemplifications — A,

Theorems
> A2 equivalent to A7 : T#Pt: A & THEt:A
> exemplifications can be completed

> )\% is a pedagogical sub-system of CC

> definition exemplified !

General theorems

» A2, )2 and )\,23 are equivalents
» embeddings to and from pedagogical system F

» embedding from pedagogical \?



A formal definition and some examples

With implicit partial exemplifications — A,

Type checking ?
Undecidable for A2, \?, )\% and system Fp :
It TEt:A < 3¢ TR A
- et Va. [ — AY
& 22 yGProP MY 5 A7 : Prop

where 37t THt : A undecidable [Urzyczyn (1997)]

ldea
Annotate types with terms to ensure exemplification :
MoFAs: Kk x & dom(T) Fo,x:AsbBy:Prop  Ft:o(Vx™.By)
(env2) (prod)
Mo, x: Aswf Mo (Vx**.By): : Prop

where [y = x1 1 A1a,.-.,Xn 1 Ana, and 0 = [x1 — a1;...; Xn — an).



Toward a Pedagogical Calculus of Constructions
Higher order

Goal
Obtain a Pedagogical \*

New objects

» predicates/propositional functions
> )\AProp.)\BPropﬁProp.B A

» postulated into environments
> f : Prop — (Prop — Prop) — Prop

= notion of predicate exemplification needed

Idea

Exemplifiable predicate < useful propositional function



Toward a Pedagogical Calculus of Constructions
Higher order

Exemplifiable predicate (formally)
P:01— ...~ O, — Prop exemplifiable if :
» can be completely applied D> there are u; : O;

» reducible to an exemplifiable type >P i~ Rand Fo-R
Abbreviated : o mot@1 = >On=Prop(p)

Examplifiable predicates

P = \APP A 5 A BPTSToT
Q := AAProP \BProp—Prop g A >Q T (ACPP.T) & T

Non exemplifiable predicate
V := \AProp yBProp A _, B > hopefully no arguments



Toward a Pedagogical Calculus of Constructions
Pedagogical higher-order \-calculus — \¢

Beware interaction of exemplifiable predicates

» Q := \RProp—=Prop yFProp p F and Id := M\AP™P. A
>but Q Id ~ L

Necessary constraint

M- u:A—B:Type TEv:A omot?(uv)
s uvv:B

(we-appn)



Toward a Pedagogical Calculus of Constructions
Pedagogical higher-order \-calculus — \¢

Beware interaction of exemplifiable predicates

> Q= ARProp—Prop \yEProp p £ and |4 := \APTP A
>but Q Id ~ L
> S := \AProp—Prop \ yVBF°P.A B 1 bbut S Id <> AH.H

Necessary constraint

s u:Vx*B:Prop Tk v:A omot’™P(B[x + v])

(we-app.)
M uv:Bx <+ v]



Toward a Pedagogical Calculus of Constructions
Pedagogical higher-order \-calculus — \¢

Beware interaction of exemplifiable predicates

> Q= ARProp—Prop \yEProp p £ and |4 := \APTP A
>but Q Id ~ L
> S := \AProp—Prop \ yVBF°P.A B 1 bbut S Id <> AH.H

Necessary constraint

s u:Vx*.B:Prop Tk v:A omot”™P(B[x + v])

(we-app.)
M uv:Bx <+ v]

Strong : only normal form examples?



Toward a Pedagogical Calculus of Constructions
Pedagogical higher-order \-calculus — \¢

Theorems

> )\ satisfies Poincaré criterion
» )Y satisfies the converse Poincaré criterion
» subject reduction still conjectured

> usual substitution lemma invalid :

Ak = xbgx T AHE"A B H: (VB AB) - (VB*.AB) : %
g AC*.C:x—

tf AHVE™-(A€"-C) B 1 (yB* (AC*.C) B) — (VB*.(AC*.C) B)

where x := Prop



Toward a Pedagogical Calculus of Constructions

Summary of necessary constraints

N-A:sy Ix:AFB:s
(prod)
FEvxA.B: s

(51, 52) )\2 A
(Prop, Prop) | v | V/
(Type,Prop) | X | X
(
(

Prop, Type)
Type, Type) v

» Vinstance of the rule does not produce empty type

» Xinstance of the rule can produce empty types



Toward a Pedagogical Calculus of Constructions

Summary of necessary constraints
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Summary of necessary constraints

lFv:A:s Mu:VxA.B: S
Muv:Blx <+ v]

(app)

(51, 52) )\2 @
(Prop, Prop) | vV | V
(Type,Prop) | vV | X
(
(

Prop, Type)
Type, Type) X

» V instance of the rule does not produce empty type
» Xinstance of the rule can produce empty types
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Summary of necessary constraints

lFv:A:sy Thu: VxA.B : S
(app)

Muv:Blx <+ v]

(51, 52) )\2 A )\C
(Prop,Prop) | vV | vV | X
(Type,Prop) |V | X | X
(Prop, Type) X
(Type, Type) X | X

» V instance of the rule does not produce empty type

» Xinstance of the rule can produce empty types
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Pedagogical Calculus of Constructions ?

(env1)

P wfse

MA:k fFa: A o(A)~ A x ¢&dom(l)

[

(env2)
Fox: Ange::(x > a)

rwfce
Mo : T :Prop: Type
Mox: AT wfse
Mx:ATEx: A

(ax)

(var)

M x: Aljc,f:(XHa) u:B:k
rlﬁe)\xA.u:VxA.B

(abs)
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Pedagogical Calculus of Constructions ?

FEu:VxAB:Prop TEv:A omot'™P(B[x + v])

(app+)
Mfuv: Blx + v]
Fieu:VxA.B:Type TEv:A omotBFvI(y v)
< (appn)
Mz2uv:B[x <+ v]
X0 AlgS(x s 2) B < Prop o mot"P(VxA.B)
(prod.)

evxA.B : Prop
M x: Aljc,e::(XHa) B : Type
rgeva.B : Type
TEeu:A A~ A TEA:k
FEeu: A

(prodo)

(conv)



Conclusion and further work

Contributions

» formal definition of pedagogical sub-system of CC

> examples of pedagogical sub-system of CC (A2, A7, A2, \Y)
» formalisms with explicit examples

» study of type checking pedagogical calculi

» motivated conjectures : pedagogical higher-order and Calculus
of Constructions

Further work

» show the conjectures

» study machine implementation

» extend to stronger systems

» formal verification of Griss' negationless mathematics

» study inconsistency and pedagogy



Certification of Spike proofs
Ideas on an example
Spike specification

function symbols axioms symbol precedence
0 : nat 0 _ 0<rS<r+
S : nat — nat Ty=vy

+ : nat nat — nat S(x)+y=S(x+y)

Spike proof ({x+0=x}, 0)
}_case_variable ({0 +0= 07 S(X/) +0= S(X/))}7 w)
}_rewrite ( 0= 0, S(X/ + 0) = S(X/))}, {X + 0= X})
Falee ({S(< +0) = SN} {x+0=x})
Finjection ({X/ + 0= X’)}7 {X + 0= X})
}_subsumption (@, {X + 0= X})

x—x'

Main ideas
> (E;, H;) : E; conjectures to be refuted; H; formulas not containing
minimal counter-example
» minimal counter-example preserved in succesives E;

> at the end E, empty : no counter-example, i.e. formulas of Ep true



Certification of Spike proofs

Coq implementation

> F, generated formulas with abstract representation :

{ funx :nat = (x + 0 = x, ([x] + 0 = [x])), }

F =14 funx:nat= (5(x)+ 0= 5(x),(S([x]) + 0= S([x]))),

funx : nat = (S(x + 0) = S(x), (S([x] + 0) = S([x]))
where [-] : nat — term and (-) abstract representation (Coccinelle terms)
> main lemma :
VFeF Vx —(Fx)1 —
FeF Iy ~(Fyhr A (Fy2<(Fx):
where (-)1 and (-)2 projections, < multiset RPO (Coccinelle)

» main theorem :
VFeF Vx (Fx)

since < well-founded order



Certification of Spike proofs

Coq implementation (example)

Main lemma

VFEeF Vx —(Fx)1 —
IFeF Ty —~(Fyr AN (Fyp<(Fx):

Proof
Case F =funx:nat = (x + 0= x, ([x] + 0 = [x]))).
Assume x : nat and —(F x)1 = —(x 4+ 0 = x), then by cases on x : nat :
> x—0:
0+0=0
> x> S(x'):
S(X)+0=5(x) = S(x'+0)=5(x)
F":=funx :nat = (5(x) + 0 = S(x), (S([x]) + 0 = S([x])}) and
y = x fits :
(F"y)2 = (S(IXT+0) = S(IXD)) < (S(I¥'D) + 0 = S(IX'])) = (F x)2

~>

0 = 0 true



Certification of Spike proofs

Coq implementation (example)

State of the work

> constructivized : main lemma reformulated
> certification time improved : local reflection, tacticals, parallelisation, etc.
>

application to conformance algorithm for ABR protocol : (33/ ~ 80)
lemmas automatically processed

» Coq tactic : call Spike, generate proof script and import it
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